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Abstract : In this paper we consider the issue of massive gravity from
a pure field theoretical point of view, as the massive deformation of the
gauge theory for a symmetric rank-2 tensor field. We look for the most
general massive theory with well defined propagators, imposing the absence
of unphysical poles. We find several possibilities, depending on the choice
of the gauge fixing term. Amongst these, two solutions with good massless
limit are found. The request of the absence of tachyons, alone, does not
isolate the Fierz-Pauli case: several examples of massive theories, which
may include or not the Fierz-Pauli mass term, are given. On the other hand,
the Fierz-Pauli theory can be uniquely identified by means of a symmetry:
it turns out the the Fierz-Pauli massive gravity is the only element of the
cohomology of a BRS operator.
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1 Introduction
In this paper we consider the theory defined on aD-dimensional flat Minkowski
spacetime for a symmetric rank-2 tensor hµν(x), and which is invariant un-
der the gauge transformation
δhµν = ∂µθν + ∂νθµ, (1.1)
where θµ(x) is a local gauge parameter. In particular we are interested in
the most general massive deformation which breaks the gauge symmetry
(1.1), possibly in a harmless way.
What we have in mind, of course, is the modification of General Relativity
(GR) at large distances, where hµν(x) is a perturbation of the metric around
the flat Minkowski space ηµν , in terms of which the linearized Einstein-
Hilbert (EH) action is built, but we do not necessarily restrict to that case.
For a review on massive deformations of gravity see for instance [1, 2, 3, 4].
Amongst the classical motivations for studying an infrared modified gravity,
we would like to mention the recent interest in mechanisms breaking the
diffeomorphism invariance of GR, coming from the holographic approach to
the study of thermo-electric transport in condensed matter [5, 6, 7]. There,
the momentum dissipation results from the breaking of translational invari-
ance due to impurities. Massive gravity represents a way to implement
momentum relaxation in holography [8].
The boundaries within which we shall carry out our analisys are the fol-
lowing. We consider a symmetric, rank two tensor gauge field theory in
D spacetime dimensions whith flat Minkowski metric. According to the
standard procedure in order to have well defined propagators we need to
fix the gauge, which we shall do by means of a Lagrange multiplier vec-
tor field bµ(x), and Faddeev-Popov ghost/antighost vector fields ξµ(x) and
ξ¯µ(x). The original gauge symmetry is implemented by the well known BRS
invariance.
In this approach the introduction of a mass term for the symmetric ten-
sor field is viewed as a breaking of the gauge symmetry and of the BRS
invariance as well. Hence the choice of a gauge is a necessary (not always
sufficient) condition to have a good massless limit of the theory, i.e. well
defined propagators for vanishing mass terms.
We choose the most general gauge fixing term linear in the symmetric tensor
field and the most general quadratic mass term, thus we end up with quite
a few parameters: two for the mass sector and two for the gauge fixing. All
of them are, so far, completely free.
In order to try to understand better the admissible range of these pa-
rameters we compute all the propagators of the theory, and require that
there should be no “unphysical poles”, i.e. tachyons. There might be other
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sources of “ghosts”, as the Boulware-Deser one [9]1. Anyway, since we only
consider a quadratic theory, we stick with the minimal requirement of no
tachyons. This is sufficient to limit the numerical range of the four param-
eters. Morevover there is a special case: in the Landau gauge and with the
Fierz-Pauli (FP) choice of the mass term [11] there is a modified version of
the BRS symmetry which survives and uniquely identifies the corresponding
action. Here the the situation is quite similar to massive QED, as pointed
out in [12]. But, while in QED the symmetry tells nothing about the mass
term, in our case it does fix the relative weight of the two mass parameters
and it singles out the FP choice, which, being now linked to a symmetry, we
expect to be protected.
In quantum field theory methods exist, which allow to control mass break-
ings, for instance in supersymmetry, where “soft” supersymmetry breaking
terms were first classified [13], and then identified as the only possible break-
ing terms by means of a Slavnov-Taylor identity [14]. What we ask in this
paper is whether something similar can be done in this case, i.e. to charac-
terize the FP massive gravity by means of a symmetry (BRS) tool.
Any deviation from the FP paradigm is mostly interesting, for instance
for the realization of momentum dissipation in gauge/gravity duality, and
interesting efforts towards this direction have already been done, for instance
by means of the introduction of Lorentz-violating mass terms [15].
The paper is organized as follows. In Section 2 we find the most general
action in a flat D-dimensional Minkowski spacetime action built by means
of a symmetric rank-2 tensor hµν(x) invariant under the symmetry (1.1).
For this action, a gauge fixing term is written, which depends on two gauge
parameters, and a mass term, which depends on two mass parameters as
well. In Section 3 the setting to compute the propagators is prepared. The
propagators of the theory are parametrized in terms of a basis of projector
operators, and depend on a few coefficients, to be determined by solving
four set of equations. In Section 4 the solutions of these equations are given.
There are only four possible choices of the gauge fixing term, which lead to
to well defined massive propagators. The condition of absence of unphysical
poles is imposed, which, for each solution, translates into constraints on the
two mass parameters. We find that the FP mass term is not the unique
choice, and the massless limit of the various solutions is studied, with the
outcome that two solutions have a smooth limit. Remarkably, we find that
the FP case is, indeed, peculiar, since only in this case it is possible to
define a nilpotent BRS-like operator which is a symmetry and whose unique
element of the cohomology is just the FP massive theory of gravity. Our
conclusions are summarized in Section 5.
1We remark that, in non linear massive gravity theory, the absence of the Boulware-
Deser ghost has been proven in [10].
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2 Lorentz-invariant mass term
The most generalD-dimensional action for a rank-2 symmetric tensor hµν(x) =
hνµ(x) invariant under (1.1) is
Sinv =
∫
dDx
(
1
2
h∂2h− hµν∂
µ∂νh−
1
2
hµν∂2hµν + h
µν∂ν∂
ρhµρ
)
, (2.1)
where h(x) = hλλ(x) = η
µνhµν(x), ηµν = Diag(−1, 1, . . . , 1) is the flat
D-dimensional Minkowskian metric and the canonical mass dimension of
hµν(x) is [hµν ] =
D−2
2 .
We can promote the gauge symmetry (1.1) to the BRS transformations
shµν = ∂µξν + ∂νξµ (2.2)
sξµ = 0 (2.3)
sξ¯µ = bµ (2.4)
sbµ = 0, (2.5)
where ξµ(x), ξ¯µ(x) and bµ(x) are are ghost, antighost fields, and Lagrange
multiplier, respectively. By means of the BRS transformations, which are
trivially nilpotent s2 = 0, an invariant gauge fixing term can be added to
the action
Sgf = s
∫
dDx ξ¯µ
(
Fµ(h) +
κ
2
bµ
)
=
∫
dDx
[
bµFµ(h) +
κ
2
bµbµ + ∂
ν ξ¯µ ((1 + 2κ1)∂µξν + ∂νξµ)
]
(2.6)
As in any gauge field theory, the role of the Lagrange multiplier (or Lautrup-
Nakanishi field [16, 17]) bµ(x) is to enforce the gauge condition
Fµ(h) ≡ ∂
νhµν + κ1∂µh = 0, (2.7)
where h ≡ hλlambda is the trace of hµν .
Indeed, after eliminating the lagrange multiplier bµ(x) by means of its equa-
tion of motion, the gauge fixing term in the action reads
Sgf =
∫
dDx
(
−
1
2κ
FµFµ
)
+ ghost sector. (2.8)
This is in complete analogy with ordinary gauge field theories built by means
of the gauge field Aµ(x). like Maxwell or Yang-Mills theory in 4D, or topo-
logical Chern-Simons theory in 3D, where the gauge condition, instead of
(2.7), is given by the more familiar F (A) = ∂µA
µ = 0. Pursuing that anal-
ogy, we might call the κ = 0 and κ = 1 cases Landau and Feynman gauge,
respectively.
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In (2.6), κ, κ1 are two gauge parameters. Notice that, in principle, we also
allow the possibility for the gauge fixing of h(x), i.e. of the minkovskian
trace of hµν(x). We shall see that this will turn out to be crucial for the FP
case.
A mass term can be added to the action, whose most general, Lorentz in-
variant, form is
Sm =
∫
dDx
1
2
(
m21h
µνhµν +m
2
2h
2
)
. (2.9)
The FP mass term corresponds to the particular case
FP : m21 +m
2
2 = 0 (2.10)
The mass term breaks the BRS symmetry of the total action S = Sinv +
Sgf + Sm as follows
sS =
∫
dDx
(
m21h
µν(∂µξν + ∂νξµ) + 2m
2
2h∂
µξµ
)
. (2.11)
3 Computing the propagators
In order to compute the propagators of the theory in momentum space, it
is convenient to introduce the rank-2 projectors
dµν = ηµν −
pµpν
p2
; eµν =
pµpν
p2
, (3.1)
which are idempotent and orthogonal
dµρd
ρ
ν = dµν ; eµρe
ρ
ν = eµν ; dµρe
ρ
ν = eµρd
ρ
ν = 0. (3.2)
In terms of dµν and eµν , it is possible to define the following four rank-4
projectors
Aµν,ρσ =
dµνdρσ
D − 1
(3.3)
Bµν,ρσ = eµνeρσ (3.4)
Cµν,ρσ =
1
2
(dµρdνσ + dµσdνρ −
2
D − 1
dµνdρσ) (3.5)
Dµν,ρσ =
1
2
(dµρeνσ + dµσeνρ + dνρeµσ + dνσeµρ), (3.6)
which display the following symmetry properties
Xµν,ρσ = Xνµ,ρσ = Xµν,σρ = Xρσ,µν ; X = {A,B,C,D}, (3.7)
and are idempotent and orthogonal as well
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A ·B = A · C = A ·D = B · C = B ·D = C ·D = 0 (3.8)
B ·A = C · A = D · A = C ·B = D ·B = D · C = 0 (3.9)
A · A = A ; B ·B = B ; C · C = C ; D ·D = D, (3.10)
where A · B ≡ Aµν,αβBαβ,ρσ. The projectors A,B,C and D decompose the
rank-4 identity I ≡ 12(ηµρηνσ + ηµσηνρ)
A+B +C +D = I. (3.11)
In momentum space, the massive, gauge fixed action S reads
S =
∫
dDp
(
h˜αβ h˜γδΩ
αβ,γδ(p) + h˜αβ b˜νΛ
αβ,ν(p) + b˜µb˜νH
µν(p)
)
, (3.12)
where the functions Ω(p),Λ(p) and H(p) can be written in terms of the
projection operators (3.3), (3.4), (3.5) and (3.6) as
Ωαβ,γδ(p) = tAαβ,γδ + uBαβ,γδ + vCαβ,γδ + zDαβ,γδ, (3.13)
with
t =
2−D
2
p2 +
1
2
(m21 +Dm
2
2) (3.14)
u =
1
2
(m21 +Dm
2
2) (3.15)
v =
1
4
(p2 +m21) (3.16)
z =
1
2
m21 (3.17)
and
Λαβ,ν = −i
[
1
2
(dανpβ + dβνpα) + κ1d
αβpν + (1 + κ1)e
αβpν
]
(3.18)
Hµν =
κ
2
(dµν + eµν). (3.19)
Let us parametrize the propagators
〈h˜µν h˜ρσ〉(p) = Gµν,ρσ(p) (3.20)
〈h˜µν b˜ρ〉(p) = Gµν,ρ(p) (3.21)
〈b˜µb˜ν〉(p) = Gµν(p) (3.22)
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as follows
Gµν,ρσ(p) = tˆAµν,ρσ + uˆBµν,ρσ + vˆCµν,ρσ + zˆDµν,ρσ (3.23)
Gµν,ρ(p) = if(pµdνρ + pνdµρ) + igpρdµν + ilpρeµν (3.24)
Gµν(p) = rdµν + seµν , (3.25)
where the set of constants { tˆ ; uˆ ; vˆ ; zˆ ; f ; g ; l ; r ; s } must be determined
by the request that the matrix of propagators is the inverse of the quadratic
action (3.12), which translates into the equations
Ωµν,αβGαβ,ρσ +Λ
µν,α(G∗)α,ρσ = I
µν
ρσ (3.26)
Ωµν,αβGαβ,ρ + Λ
µν,αGαρ = 0 (3.27)
(Λ∗)µ,γδGγδ,ρσ +H
µα(G∗)α,ρσ = 0 (3.28)
(Λ∗)µ,γδGγδ,σ +H
µαGασ = I
µ
σ (3.29)
The above four equations give rise to
(3.26)⇒


ttˆ− κ12 (D − 1)gp
2 = 1
uuˆ− 1+κ12 lp
2 = 1
vvˆ = 1
zzˆ − fp2 = 1
κ1l + (1 + κ1)g = 0
(3.30)
(3.27)⇒


fz − 14r = 0
lu− 1+κ12 s = 0
gt− κ12 s = 0
(3.31)
(3.28)⇒


1
2 zˆ − κf = 0
κ1tˆ− κg = 0
(1 + κ1)uˆ− κl = 0
(3.32)
(3.29)⇒
{
κr − fp2 = 2
κs− κ1(D − 1)gp
2 − (1 + κ1)lp
2 = 2,
(3.33)
which must be solved in order to find all possible propagators of the theory.
4 Solutions and massless limit
In this section we list all possible solutions of the four sets of equations
(3.30). (3.31), (3.32) and (3.33), for which propagators do exist. For each
solution, we shall find the range for the masses m21 and m
2
2 which guarantees
the absence of unphysical poles.
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We classify the solutions in terms of the gauge parameters κ and κ1, and it
turns out that for the latter only two possible values are allowed:
κ1 = 0;−1. (4.1)
As it is well known, linearized gravity is a gauge theory (see for instance
Sections 7.2 and 7.3 of [18]) for which several possible choices of gauge
fixing exist. Amongst these, a covariant choice is the Lorenz/harmonic one
∂µh
µ
ν −
1
2h = 0 (eq (7.46) of [18]), which involves the trace h = h
λ
λ of the
metric perturbation hµν . It is quite remarkable that imposing the absence
of propagating tachyons, we find the constraint (4.1) on the gauge fixing
condition (2.7), which implies only two possibilities for the gauge fixing
term: the Landau gauge and the “Lorenz/harmonic like” gauge, which is of
the same type of (7.46) of [18]. Hence, one of the first principles of quantum
field theory (absence of tachyonic propagators) strictly selects the possible
gauge conditions, which therefore apparently are not left to free choice.
For each of the two possible values of κ1, we separately analyze the cases
κ = 0, which corresponds to the Landau gauge, and κ 6= 0. Hence we have
four possibilities.
1.
κ 6= 0 ; κ1 = 0 : (4.2)
we get
f =
2
2κm21 − p
2
; g = 0 ; l =
2
κ(m21 +Dm
2
2)− p
2
(4.3)
r =
4m21
2κm21 − p
2
; s =
2(m21 +Dm
2
2)
κ(m21 +Dm
2
2)− p
2
(4.4)
tˆ =
2
(2−D)p2 +m21 +Dm
2
2
; uˆ =
2κ
κ(m21 +Dm
2
2)− p
2
(4.5)
vˆ =
4
p2 +m21
; zˆ =
4κ
2κm21 − p
2
. (4.6)
Imposing the absence of unphysical poles leads to
m21 ≥ 0 ; m
2
1 +Dm
2
2 ≤ 0 ; κm
2
1 ≤ 0 ; κ(m
2
1 +Dm
2
2) ≤ 0, (4.7)
hence
solution 1
m21 > 0 ; m
2
1 +Dm
2
2 = 0 ; κ < 0 ; κ1 = 0. (4.8)
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A simple example for this solution (putting κ = −12 and D = 4) reads
f = −
2
p2 +m21
; g = 0 ; l = −
2
p2
(4.9)
r = −
4m21
p2 +m21
; s = 0 (4.10)
tˆ = −
1
p2
; uˆ =
1
p2
; vˆ =
4
p2 +m21
; zˆ =
2
p2 +m21
. (4.11)
2.
κ 6= 0 ; κ1 = −1 : (4.12)
we get
f =
2
2κm21 − p
2
; g = −
2
[2κ+ 1−D(κ+ 1)]p2 + κ(m21 +Dm
2
2)
; l = 0
(4.13)
r =
4m21
2κm21 − p
2
; s =
2[(2 −D)p2 +m21 +Dm
2
2]
[2κ+ 1−D(κ+ 1)]p2 + κ(m21 +Dm
2
2)
(4.14)
tˆ =
2κ
[2κ+ 1−D(κ+ 1)]p2 + κ(m21 +Dm
2
2)
(4.15)
uˆ =
2
m21 +Dm
2
2
; vˆ =
4
p2 +m21
; zˆ =
4κ
2κm21 − p
2
. (4.16)
As in the previous case, imposing the absence of unphysical poles in the
coefficients which appear in the propagators (3.23), (3.24) and (3.25),
we find five non trivial possibilities, hence five distinct solutions:
solution 2
m21 > 0 ; m
2
1 +Dm
2
2 < 0 ; κ ≤
D − 1
2−D
; κ1 = −1 (4.17)
solution 3
m21 > 0 ; m
2
1 +Dm
2
2 > 0 ;
D − 1
2−D
≤ κ < 0 ; κ1 = −1 (4.18)
solution 4
m21 = 0 ; m
2
2 < 0 ; κ ≤
D − 1
2−D
; κ1 = −1 (4.19)
solution 5
m21 = 0 ; m
2
2 > 0 ;
D − 1
2−D
≤ κ < 0 ; κ1 = −1 (4.20)
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solution 6
m21 = 0 ; m
2
2 < 0 ; κ > 0 ; κ1 = −1 (4.21)
Simple examples can be obtained also for this case . For instance,
putting κ = −12 , D = 4 and m
2
2 =
3
4m
2
1, choice which belongs to
solution 3 (4.18), we get
f = −
2
p2 +m21
; g =
1
p2 +m21
; l = 0 (4.22)
r = −
4m21
p2 +m21
; s =
2(p2 −m21)
p2 +m21
(4.23)
tˆ =
1
2(p2 +m21)
; uˆ =
1
2m21
; vˆ =
4
p2 +m21
; zˆ =
2
p2 +m21
. (4.24)
Similarly, if in solution 5 (4.20), where m21 = 0, we put κ = −
1
2 , and
D = 4, we get
f = −
2
p2
; g = −
1
p2 +m22
; l = 0 (4.25)
r = 0 ; s =
2(p2 − 2m22)
p2 +m22
(4.26)
tˆ =
1
2(p2 +m22)
; uˆ =
1
2m2
; vˆ =
4
p2
; zˆ =
2
p2
. (4.27)
Alternatively, choosing the extremal value for κ = D−12−D , which is al-
lowed in solutions 2,3,4 and 5, it is possible to switch off the degree of
freedom related to the coefficient tˆ in the l-sector of the propagators,
together with the one related to uˆ, which does not propagate ever.
3.
κ = 0 ; κ1 = 0 : (4.28)
we get
f = −
2
p2
; g = 0 ; l = −
2
p2
(4.29)
r = −
4m21
p2
; s = −
2
p2
(m21 +Dm
2
2) (4.30)
tˆ =
2
(2−D)p2 +m21 +Dm
2
2
; uˆ = 0 ; vˆ =
4
p2 +m21
; zˆ = 0. (4.31)
Imposing the absence of tachyonic poles, we find
solution 7
m21 ≥ 0 ; m
2
1 +Dm
2
2 ≤ 0 ; κ = 0 ; κ1 = 0 (4.32)
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For instance, at the point m21 +Dm
2
2 = 0 we have
f = −
2
p2
; g = 0 ; l = −
2
p2
(4.33)
r = −
4m21
p2
; s = 0 (4.34)
tˆ =
2
(2−D)p2
; uˆ = 0 ; vˆ =
4
p2 +m21
; zˆ = 0. (4.35)
4.
κ = 0 ; κ1 = −1 : (4.36)
we get
f = −
2
p2
; g =
2
(D − 1)p2
; l = 0 (4.37)
r = −
4m21
p2
; s =
2[(2 −D)p2 +m21 +Dm
2
2]
(1−D)p2
(4.38)
tˆ = 0 ; uˆ =
2
m21 +Dm
2
2
; vˆ =
4
p2 +m21
; zˆ = 0. (4.39)
Imposing the absence of unphysical poles, we find
solution 8
m21 ≥ 0 ; m
2
1 +Dm
2
2 6= 0 ; ; κ = 0 ; κ1 = −1 (4.40)
We found eight solutions, each describing a different theory of massive grav-
ity, free of tachyons (unphysical poles in the propagators). Amongst them,
the solution 1 (4.8) and solution 7 (4.32), i.e the cases where the trace h(x)
is not gauge-fixed (κ1 = 0), are peculiar, because they display a good mass-
less limit m21,m
2
2 → 0. For this reason, from the pure field theoretical point
of view, these are acceptable under any respect. We remark that while the
FP case belongs to the range (4.32) of solution 7, this is not the case for
solution 1 (4.8), which excludes the FP point.
4.1 Cohomological identification of the Fierz-Pauli case
Consider the five solutions (4.17), (4.18), (4.19), (4.20) and (4.21) which
correspond to κ 6= 0 and κ1 = −1. All of them meet our requirements
and have a divergent massless limit. Amongst them, only the solution 2
(4.17) contains the FP case m21+m
2
2 = 0, while the others represent massive
theories of gravity which do not include the FP case. Notice that solutions
4 (4.19) , 5 (4.20) and 6 (4.21), which do not contain the FP point, are
characterized by one of the masses, namely m21, set to zero. This situation
closely resembles the solutions found in [15].
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On the other hand, solution 8 (4.40) corresponds to the Landau gauge with
κ = 0 and κ1 = −1, and has a divergent massless limit. The range of allowed
masses contains the FP case, but, as we shall see shortly, in this case (and
only in this case) the latter can be isolated univocally.
Up to now, the request that a massive theory of gravity is free of unphysical
poles is not enough to single out the FP massive gravity. On the contrary,
we found admissible solutions which exclude the FP case (solutions 1 (4.8),
3 (4.18), 4 (4.19), 5 (4.20) and 6 (4.21)). The solutions which distinguish
from the others, so far, are solutions 1 (4.8) and 7 (4.32), since these are
the only ones to have a good massless limit, and the FP point is outside
the range of solution 1, while it represents only one of the infinite possible
choices of the two masses involved in solution 7.
Let us take a closer look to solution 8 (4.40). In this case the FP mass term
can be isolated by means of a nilpotent BRS symmetry, which univocally
characterizes the FP theory of massive gravity as the only element belonging
to the cohomology of a nilpotent BRS operator. This can be done as follows.
The gauge fixing and mass terms corresponding to solution 8 (4.40) in the
FP point m22 = −m
2
1 = −m
2 are
Sgf =
∫
dDx bµ(∂νhµν − ∂µh) (4.41)
S(FP )m =
m2
2
∫
dDx
(
hµνhµν − h
2
)
. (4.42)
The mass term S
(FP )
m breaks the BRS invariance of the action SFP ≡ Sinv+
Sgf + S
(FP )
m :
sSFP = sS
(FP )
m = m
2
∫
dDx hµν(∂µξν + ∂νξµ − 2h∂
µξµ)
= −2m2
∫
dDx ξµ(∂νh
µν − ∂µh), (4.43)
but, thanks to the particular gauge fixing term (4.41) peculiar to the solution
8, the breaking induced by the FP mass term can be reabsorbed as follows
sSFP = −2m
2
∫
dDx ξµ
δSFP
δbµ
. (4.44)
This suggests to define the modified symmetry operator sˆ
sˆhµν = ∂µξν + ∂νξµ (4.45)
sˆξµ = 0 (4.46)
sˆξ¯µ = bµ (4.47)
sˆbµ = 2m
2ξµ, (4.48)
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in terms of which the gauge fixing term can be written
Sgf = sˆ
∫
dDx ξ¯µ(∂νhµν − ∂µh). (4.49)
This new operator describes a symmetry of the gauge fixed, massive whole
action SFP
sˆSFP = 0, (4.50)
but sˆ is not a BRS operator, since it is not nilpotent (even if this happens
only on the antighost sector) : sˆ2ξ¯µ = 2m
2ξµ.
Once we define
δhµν = δξµ = δbµ = 0 (4.51)
δξ¯µ = 2m
2ξµ, (4.52)
the symmetry operators sˆ and δ form the algebra
sˆ2 = δ ; [sˆ, δ] = 0, (4.53)
which closely resembles the one characterizing the much more complicated
supersymmetric gauge field theories [19, 20]. Following the strategy adopted
there, we introduce a constant anticommuting ghost ǫ, with Faddeev-Popov
charge −1, and we define the operator
Q ≡ sˆ+ ǫδ −
∂
∂ǫ
, (4.54)
which describes a symmetry of the whole massive theory
QSFP = 0, (4.55)
and, thanks to the algebra (4.53), is nilpotent, which makes Q a true BRS
operator
Q2 = 0. (4.56)
At this point it is easy to verify, using standard techniques [21], that the
FP action for massive gravity SFP is the only element belonging to the
cohomology of the BRS operator Q, which renders the FP case definitely
peculiar from the field theoretical point of view.
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5 Conclusions
In this paper we considered the problem of adding the most general mass
term, which depends of two mass parameters m21 and m
2
2, to the gauge field
theory of a rank-2 symmetric tensor hµν(x), whose transformation law is
given by (1.1). This issue is complementary to the study of the gauge field
theory of antisymmetric tensor fields [22, 23, 24]. In that cases, one lands on
the study of a kind of topological field theories, called BF theories [25], which
have the peculiar property of being finite, i.e. without divergent quantum
corrections [26, 27]. It is therefore natural to extend the same kind of study
to the theory of D symmetric tensor field, which, together with the trans-
formation law (1.1), gives rise to the action (2.1). We stress that our point
of view is, in a sense, from below: instead of considering the action (2.1) as
the the starting point as the linearised version of the EH action, we see it
as the most general action invariant under the transformation (1.1) involv-
ing a symmetric tensor field. The bottom line is that the two approaches
coincide, but our perspective is more from the quantum field theory side
rather than from pure GR one. This might help to understand our road
map: as the preliminary step, we faced the problem of fixing the gauge.
This task is a highly non trivial one for the theory of antisymmetric tensor
fields. The gauge transformations in that case are reducible, and ghost for
ghost fields are needed, for which the Batalin - Vilkovisky machinery must
be used [28, 29]. The case of the D symmetric tensor theory, is far less com-
plicated, although some care should be taken also in this case due to the
possibility of fixing the gauge also for the trace h(x) of hµν(x). Therefore
the symmetry which we gauge fixed is (1.1), as it should. To do this, we
adopted the standard BRS procedure, by first promoting the gauge param-
eter appearing in (1.1) to ghost field, and then adding to the action (1.1)
the most general BRS cocycle (2.6), which involves the usual gauge field
team: gauge field, ghost and antighost anticommuting fields, and finally the
Lagrange multiplier (or Lautrup-Nakanishi field) bµ(x) In the usual BRS
approach, it is the Lagrange multiplier which enforces the gauge condition
(2.7). As the ghost/antighost fields, it appears in the gauge fixing term,
which, being a BRS cocycle, is not physical. Its presence renders the prop-
agators matrix non diagonal, and most part of this paper has been in fact
devoted to computing the whole matrix of propagators, formed by (3.20),
(3.21) and (3.22). At this point, the gauged fixed action is classically well
defined, and the (exact) symmetry involved is the BRS one. After this, we
added the most general, covariant, mass term (2.8), which, of course breaks
the BRS symmetry of the gauge fixed action. We stress that we add the
mass term after having gauge fixed the action, as it must be done in an
ordinary gauge field theory, not before. The breakings due to mass terms are
of great importance in gauge field theory, and trying to master the breakings
is of primary importance. We tuned the two free coefficients appearing in
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the mass term we introduced having in mind the classification of the least
harming mass terms in supersymmetric gauge field theories, where the intro-
duction of mass terms for the supersymmetric partners of ordinary particles
is mandatory. In that context, the pioneering result is that due to Girardello
and Grusaru [13], who were able to identify soft supersymmetric breaking
mass terms. Their result stands to N=1 SYM theory as the FP mass term
stands to the linearised EH action of GR. We followed the same procedure,
by asking as necessary condition for an acceptable mass broken field theory,
the absence of unphysical poles of tachyonic type in the (whole matrix of)
propagators. This requirement led to constraints on the four parameters (2
gauge, 2 masses) on which the gauge fixed theory with breaking mass terms
depends. We emphasize that the absence of unphysical poles is a necessary
but not sufficient requirement to identify a physical model. The analysis of
this point is scheduled for a forthcoming paper.
In our paper we discuss the eight possibilities which turn out. Amongst
these, some have good massless limit, some have not, but all of them are
“soft broken massive theories”, in the sense of Girardello and Grisaru, and
hence potentially acceptable. We found the existence of several (eight) soft
breaking mass terms for the gauge fixed theory of a D symmetric tensor
field.
The main results presented in this paper are the following
1. The only possible gauge fixing terms leading to well defined massive
theories, correspond to four choices of the gauge parameters:
(a) κ 6= 0, κ1 = 0
(b) κ 6= 0, κ1 = −1
(c) κ = 0, κ1 = 0
(d) κ = 0, κ1 = −1
2. Requesting the absence of unphysical poles in the propagators, we find
eight disjoint sets for the masses m21 and m
2
2
(a) solution 1 (4.8) for κ 6= 0, κ1 = 0
(b) solution 2 (4.17), solution 3 (4.18), solution 4 (4.19), solution 5
(4.20) and solution 6 (4.21) for κ 6= 0, κ1 = −1;
(c) solution 7 (4.32) for κ = 0, κ1 = 0
(d) solution 8 (4.40) for κ = 0, κ1 = −1.
3. The constraint of absence of tachyons alone is not sufficient to isolate
the FP case m21 + m
2
2 = 0. There are solutions which exclude the
FP point, namely solution 1 (4.8), solution 3 (4.18), solution 4 (4.19),
solution 5 (4.20) and solution 6 (4.21).
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4. Two solutions display a good massless limit m21,m
2
2 → 0: solution 1
(4.8) and solution 7 (4.32), for which the trace h is not gauge-fixed
(κ1 = 0). Amongst these, only the solution 7 includes the FP point.
5. Amongst the solutions we found, our approach gives a strong argu-
ment in favour of the standard FP term: the solution 8 (4.40) is the
one for which the FP case can be singled out, by means of the BRS
operator Q (4.54), which describes a symmetry of the whole massive,
gauged fixed action SFP . The corresponding gauge fixing term in-
volves also the trace h(x) of hµν(x). We believe that this simple field
theoretical argument in favour of the FP massive gravity (i.e. that the
D linearised EH action with FP mass term is the only term belonging
to the cohomology of a BRS operator) might be appreciated by the
GR community. The remarkable fact, which, from the theoretical fact
renders the FP case unique, is that the FP massive gravity theory is
the only element of the cohomology of the BRS operator Q.
Finally, we stress once again the we added the mass terms after having
gauge fixed the action. Therefore, in order to tell if any of the solutions
presented in this paper is somehow related to the FP theory of massive
gravity, a careful counting of the degrees of freedom should be performed,
together with the presence, or the absence, of the Boulware-Deser ghost [9],
whose absence uniquely identifies the FP mass terms in the linearized EH
case. We believe that the results presented in our paper motivate further
studies in that direction.
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